Nonlinear Wave Chaos: Statistics of Second Harmonic Fields by Zhou, Min et al.
Nonlinear Wave Chaos: Statistics of Second Harmonic Fields
Min Zhou, Edward Ott, Thomas M. Antonsen Jr., and Steven M. Anlage
Department of Electrical and Computer Engineering, and Department of Physics,
University of Maryland, College Park, Maryland 20742-4111, USA
(Dated: October 2, 2018)
Concepts from the field of wave chaos have been shown to successfully predict the statistical prop-
erties of linear electromagnetic fields in electrically large enclosures. The Random Coupling Model
(RCM) describes these properties by incorporating both universal features described by Random
Matrix Theory and the system-specific features of particular system realizations. In an effort to
extend this approach to the nonlinear domain, we add an active nonlinear frequency-doubling cir-
cuit to an otherwise linear wave chaotic system, and we measure the statistical properties of the
resulting second harmonic fields. We develop an RCM-based model of this system as two linear
chaotic cavities coupled by means of a nonlinear transfer function. The harmonic field strengths are
predicted to be the product of two statistical quantities and the nonlinearity characteristics. Statis-
tical results from measurement-based calculation, RCM-based simulation, and direct experimental
measurements are compared and show good agreement over many decades of power.
The wave properties of systems that show chaos
in the classical limit are extensively studied in
the field of “wave chaos”. These systems are
quite common in life, ranging from the small
scale of atomic nuclei, to mesoscopic quantum
systems like quantum dots, to macroscopic acous-
tic, microwave, optical systems, and even to ocean
waves in the sea. The Random Coupling Model
(RCM) is a well-established theory that describes
the statistical wave scattering properties of these
wave chaotic systems. A two-dimensional 1/4-
bowtie microwave billiard is one example of a
wave chaotic system that has been studied ex-
perimentally and numerically. Microwave experi-
ments in these billiards have demonstrated the ac-
curacy of the RCM. However, prior work has been
confined to linear systems, and have not taken
into account nonlinearity in the wave properties,
which is potentially important. By adding an ac-
tive circuit that generates second harmonics to
the 1/4 bowtie-billiard, this work is the first step
in trying to generalize the RCM to nonlinear sys-
tems, specifically by focusing on the second har-
monic field statistics. An extended RCM model
that including the characteristics of the nonlin-
ear element shows very good agreement with the
experimental results.
I. INTRODUCTION
The scattering of short-wavelength waves in domains in
which the corresponding rays are chaotic (known as wave
chaos) has inspired research activities in many diverse
contexts including quantum dots [1, 2], atomic nuclei [3],
optical cavities[4], microwave cavities [5–7], acoustic res-
onators [8, 9], and others. In this case the response is
extremely sensitive to the domain’s configuration, the
driving frequency, and ambient conditions such as tem-
perature and pressure [10]. Numerical solution of the de-
tailed response of a particular system is computationally
intensive and does not necessarily provide much insight
to other systems which are slightly different. This leads
to the adoption of a statistical description.
In the field of “wave chaos”, Random Matrix Theory
(RMT) has been shown to successfully describe many
statistical properties of bounded wave-chaotic systems
(e.g., enclosures such as electromagnetic cavities), includ-
ing their eigenvalue spectra, eigenfunctions, scattering
matrices, delay times, etc. [11–15]. Wave systems also
have system-specific features that modify the underly-
ing universal fluctuations. The Random Coupling Model
(RCM) accounts for those non-universal features such as
the details of ports coupling waves into and out of the
domain of the cavity, short orbits that exist between the
ports, and specific persistent features of the enclosure
[16–18]. Experimentally, the system-specific features are
captured by the impedance (reaction matrix) [19] aver-
aged over an ensemble of realizations. By applying this
technique to remove non-universal properties, RMT sta-
tistical properties have been uncovered in experimental
data on ray chaotic 1D quantum graphs [20], 2D electro-
magnetic cavities (known as billiards) [21] and 3D cavi-
ties (reverberation chambers) [22].
Based on the success of the RCM, it is of interest to ex-
plore directions extending its generality. Along this line,
theories have been developed for “mixed” systems which
include both regular and chaotic ray dynamics [23], and
for networks of coupled cavities in which waves propagate
from one sub-system to another [24, 25]. While such pre-
vious extensions have focused on linear systems, it is of
great interest to see how nonlinearity would modify the
RCM. The present paper is meant to serve as a first step
towards a nonlinear generalization of the RCM by ex-
amining the statistics of nonlinearly generated harmonic
signals.
Nonlinearity has arisen before in the study of wave
chaos. For example, rouge waves can appear in wave
chaotic scattering systems [26, 27]. They appear in dif-
ferent physical contexts and are enhanced by nonlin-
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2ear mechanisms [28, 29]. In acoustics, Time-Reversed
Nonlinear Elastic Wave Spectroscopy (TR/NEWS) is
based on the nonlinear time reversal properties of a wave
chaotic system [30]. TR/NEWS is proposed as a tool
to detect micro-scale damage features (e.g., delamina-
tions, micro-cracks or weak adhesive bonds) via their
nonlinear acoustic signatures [31, 32]. Applying this idea
to electromagnetic waves [33], the nonlinear electromag-
netic time-reversal mirror shows promise for novel ap-
plications such as exclusive communication and wireless
power transfer [34, 35]. Theoretical study of station-
ary scattering from quantum graphs has been general-
ized to the nonlinear domain, where the nonlinearity cre-
ates multi-stability and hysteresis [36]. A wave-chaotic
microwave cavity with a nonlinear circuit feedback loop
demonstrated subwavelength position sensing for a per-
turber inside a cavity [37]. Furthermore, investigation of
the electromagnetic field statistics created by nonlinear
electronics inside a wave chaotic reverberation chamber
has a number of applications, including electromagnetic
immunity testing of digital electronics [38, 39].
In this work, an active nonlinear circuit is added to
a ray-chaotic microwave billiard. The billiard, shown
schematically in Fig. 1, has an area of 0.115 m2, and for
the microwave wavelengths used here (3 − 9 cm) can be
considered in the semiclassical or short-wavelength limit.
The cavity has a height of d = 7.9 mm. Thus, below
a frequency fmax = c/(2d) = 18.9 GHz, it is a quasi-2D
billiard in which the electric field is polarized in the short
direction, and the magnetic field is in the 2D plane of the
cavity. For frequencies 2f > 7 GHz, the mode number is
above ∼ 200 and it can be considered that the cavity is in
the highly over-moded regime [40]. The nonlinear circuit
generates and amplifies second harmonic output which is
fed back into the billiard. We study the statistics of the
second harmonic fields in the cavity for a fixed power at
the input fundamental frequency.
II. BACKGROUND AND EXPERIMENTAL
SETUP
In the case of a linear ray-chaotic cavity with N ports,
the Random Coupling Model characterizes the fluctu-
ations in the impedance Z and scattering S matrices.
The cavity impedance Zcav is related to the average
impedance Zavg through a random variable ξ:
Zcav = i · Im(Zavg) + [Re(Zavg)] 12 · ξ · [Re(Zavg)] 12 (1)
where Zavg is an average of impedance over an ensem-
ble of cavity realizations and frequencies. Zavg con-
tains the system specific features including the radiation
impedance of the ports and short orbits that survive the
ensemble averages [16–18]. By inverting Eq. (1) and
subtracting the non-universal features from Zcav in each
realization, one can uncover ξ which are universal fluctu-
FIG. 1. Experimental setup: 1/4-bowtie cavity with an active
nonlinear circuit. (a) The vector network analyzer (Model:
Keysight PNA N5242A or E8364C) measures the absolute
power of harmonics at port 2 relative to the input fundamen-
tal tone at port 1. (b) The active nonlinear circuit consists
of two cascaded 3.5 GHz - 4.5 GHz band pass filters (Mini-
Circuit VBFZ-4000-S+), a frequency doubler (Mini-Circuit
ZX9C-2-50-S+), two cascaded high pass filters (mini-circuit
VHF-6010+), a wide band power amplifier (HP83020A) and
an isolator (FairviewMicrowave SFI 0418).
ations described by Random Matrix Theory (RMT). The
loss parameter α is the only parameter determining the
statistics of the universal fluctuations. α = k2A/(4piQ)
is the ratio of the mean 3-dB bandwidth of the reso-
nant modes to the mean spacing in frequency between
the modes. k = 2pif/c is the wave number of frequency f ,
A represents the area of the billiard, and Q is the typical
loaded quality factor of the enclosure with the assump-
tion that losses are uniform. Experimental tests in var-
ious wave chaotic systems have systematically explored
the effects of different loss parameters on the statistical
properties, ranging from cryogenic superconducting cav-
ities (α ∼ 0.01) [41, 42] to three-dimensional complex
enclosures (α > 10) [22].
Here a symmetry-reduced “1/4-bowtie” shape (Fig.
1) quasi-two-dimensional cavity at room temperature is
used as the ray chaotic system [40]. To introduce non-
linearity, an active nonlinear circuit is connected to two
ports of the billiard as shown in Fig. 1. The active non-
linear circuit is designed to double the input frequency
in the range from 3.5 GHz to 4.5 GHz; other harmonics,
as well as the fundamental tone, are suppressed at the
output. Measurements are taken between two additional
ports of the cavity, and an ensemble of billiard realiza-
tions is created by moving two perturbers throughout the
cavity. Thus the realizations maintain a fixed volume and
3mean mode spacing. A sinusoidal tone at fundamental
frequency 1f with a certain power is created in the Vec-
tor Network Analyzer (VNA) and injected through port
1. Port 3 is the input of the active nonlinear circuit. Due
to the ray-chaotic properties of the cavity, the 1f signal
received by port 3 varies over several decades in power
as a function of frequency and perturber locations. The
output at port 4 will be at the 2nd harmonic frequency
with a certain power. Port 4 serves as the source of a
2f signal injected into the cavity. The VNA, set in Fre-
quency Offset Mode (FOM) picks up the 2nd harmonics
and measures the absolute power through port 2.
III. MODEL
We separately characterize the nonlinear circuit under
FOM and find that for input powers in the range -45 dBm
to -5 dBm, P out,2f vs. P in,1f obeys a simple empirical
relation:
P out,2f = slope · P in,1f + intercept (2)
where slope = 2.00±0.01 and the amplifier contributes to
the “intercept” term. Note that power P is in dBm and
the “intercept” here refers to intercept in units of dBm,
i.e. P out,2f when P in,1f = 0 dBm. In terms of power
measured in watts, this relation is effectively P out,2f =
P 2in,1f/Pnorm.
To describe the statistical properties of the second har-
monic signals measured at port 2, a model of two cas-
caded linear cavities connected through the nonlinear cir-
cuit is proposed (see Fig. 2). This choice was motivated
by earlier work on the statistics of impedance and power
fluctuations in chains of wave chaotic cavities connected
by weak but linear coupling [24, 25, 43]. As shown in Fig.
2, the source signal enters the cavity from port 1. The
signal reaching port 3, which is the input of the nonlinear
circuit, is given by the linear S-parameters between port
1 and 3, denoted by S13. Its statistics are described by
the linear Random Coupling Model at 1f with loss pa-
rameter α1. The output signals of the nonlinear circuit
at port 4 are at the 2nd harmonic of the input at port
3. Their relation is characterized by the empirical law
of the active nonlinear circuit, Eq. (2). Lastly, the 2nd
harmonic signals received at port 2 are linearly related to
the 2nd harmonic signals introduced at port 4, which is
given by the statistical fluctuations of the S-parameters
between port 2 and port 4 denoted by S24. The statis-
tics of S24 are described by the linear Random Coupling
Model at frequency 2f with loss parameter α2. Since
the vector network analyzer in FOM measures power, we
have a simple relation for the power of 2nd harmonics
received at port 2,
P out,2f = slope·(P in,1f +|S13|2)+intercept+|S24|2 (3)
where P in,1f , slope and intercept are deterministic; and
|S13|2, |S24|2 are fluctuating quantities measured in dB.
FIG. 2. Model of the nonlinear billiard in terms of cascaded
cavities. The bowtie with an active nonlinear circuit attached
can be considered as two linear billiards operating at different
frequencies and loss parameters coupled through the nonlinear
circuit
IV. RESULTS
In the results shown below, there are 136 realizations
for Pin,1f = −5 dBm input, 99 for 0 dBm, and 91 for
+5 dBm respectively. The second harmonic signal is
measured and histograms are complied over the ensem-
ble of realizations as well as second harmonic frequency
between 7 - 9 GHz. These histograms are plotted in Fig.
3 and will be compared with theory predictions.
To test the extended RCM model, we have two ap-
proaches. The “measured product” is a calculation based
on separate measurement of each linear component, i.e.
measurements of S13, S24. S-parameters between ports
1 and 3 are measured at 3.5 - 4.5 GHz, for 120 realiza-
tions of the positions of the perturbers. S-parameters
between ports 2 and 4 are measured at 7 - 9 GHz, again
for 120 different realizations of the perturber positions.
In the direct experimental measurement of the 2f signal
with the 1f input, the 1f and 2f signals pass through the
cavity with the same perturber position. However, in the
“measured product”, the S-parameters S13 and S24 are
measured independently, each with a separate ensemble
of perturber positions. Their values will not correspond
directly to those in the case in which the entire transfer
function is characterized. Statistically, the histograms
for the “measured product” and “experiment” will cor-
respond if S13 and S24 are effectively independent. By
putting the measured quantities into the relation Eq. (3),
we create 1202 “realizations” of P out,2f . We call this a
“super data set” and its P2f statistics can be compared
with those measured directly.
Another approach, termed “simulation”, utilizes the
RCM to generate a statistical distribution of power val-
ues. By using the measured ensembles of S13 and S24
mentioned above, the RCM formulation (Eq. (1)) can be
applied to extract Zavg(1f , port 1 and 3), Zavg(2f , port
2 and 4) and loss parameters α1, α2, respectively. Hav-
ing the Zavg and loss parameters, we can perform Monte
Carlo RMT simulations, to generate ensembles of S13 and
S24, also using RCM (Eq. (1)). Again, we generate 120
realizations of S13 and S24 respectively, and substitute
them into Eq.(3) to create a “super data set”. The re-
sult is based on simulated universal quantities “dressed”
4FIG. 3. Measurement of second harmonic power statistics
and test of the model of cascaded cavities. (a) The statistics
of the output 2nd harmonic power predicted by the model
are compared with direct measurement results (blue). The
statistics are compiled over a 2 GHz range with center fre-
quency of 8 GHz. (b) Three input powers are measured: -5
dBm, 0 dBm and +5 dBm, and the distributions are shifted
by 10 dBm to overlap.The cutoff near 0 dBm for the +5 dBm
curve comes from the saturation of the VNA (Model E8364C).
For P in,1f = −5 dBm, 0 dBm and 5 dBm, the mean value
is -33.6 dBm, -23.6 dBm and -14.3 dBm, respectively. The
standard deviations are 14.6 dBm, 14.8 dBm and 14.4 dBm,
respectively.
by the measured non-universal features.
The loss parameters α at 1f and 2f are both less than
1. In such a low loss chaotic environment, the individ-
ual cavity mode contributions to the S-parameters will
be sharp and distinct. The value of P in,1f at port 1 is
set so that the majority 1f power at port 3 falls within
the range where Eq. (2) holds. As a result, the power of
the second harmonic signal spans a wide range. Figure 3
shows histograms of second harmonic power plotted on
a log scale with units of dBm. The histogram is com-
piled from an ensemble of realizations and over a 2f out-
put frequency range from 7 to 9 GHz. For a fixed input
power over a certain frequency band, the 2nd harmonic
output power varies over 8 - 10 decades. For example,
Fig. 3(a) shows the result for input power P in,1f = −5
dBm. The blue curve is the histogram from direct mea-
surement, where the received power of the 2nd harmon-
ics varies from -100 dBm to 0 dBm. It has a mean of
-14.3 dBm and standard deviation of 14.4 dBm. The
red curve is the “measured product”, also derived from
measurement. Although derived by a different approach,
the overall statistics agrees very well with our direct mea-
surement of the second harmonic power. The black curve
labeled “simulation” is created based on the RCM as de-
scribed above, and as shown in the plots, it agrees quite
well with the red and blue curves, demonstrating the va-
lidity of the Random Coupling Model. To quantify the
agreement, R2 with respect to the experimental curve
is calculated for each model histogram. The red curve
“measured product” has R2 = 0.995 and the black curve
“simulation” has R2 = 0.994, both indicating very good
agreement. We emphasize that this model yielding this
agreement has no fitting parameter.
The model (Eq. (3)) predicts that changing the in-
put power should simply shift the PDFs of P out,2f by
10 dB for each 5 dB increase in input power. Fig. 3(b)
shows the shifted curves of experimental results with re-
spect to the 0 dBm case. Indeed the overall distribution
has a similar shape for each input power. However, ex-
perimentally the VNA reaches its maximum detectable
power at nearly 15 dBm. This is why there is a cutoff at
high power for the curve of P in,1f = 5 dBm. Results of
RCM-based model fits to the second harmonic statistics
for input power Pin,1f = 0 dBm and 5 dBm are shown
in the supplemental material [44].
V. FURTHER ANALYSIS AND DISCUSSION
Prior work [39] has investigated second harmonic gen-
eration by nonlinear electronics irradiated in a reverber-
ation chamber. The statistics of the re-radiated har-
monic spectrum were investigated by using a model of
cascaded random processes. Under the assumption that
the distribution of the linear field statics in the rever-
beration chamber follow a Rayleigh distribution, a com-
bined Rayleigh distribution was derived for the statistics
of the harmonics [39]. However, it has been shown that
the Rayleigh distribution of the field statistics in a cav-
ity is only valid in the high-loss regime (loss parameter
α  1) [45, 46]. By introducing microwave absorbers
to the perimeter of the billiards [21, 47] or putting the
billiard in a dry ice low temperature environment, we
are able to tune the loss parameter α from 0.1 to 6 or
higher. We show in the supplemental material that the
Rayleigh model for linear S-parameter statistics fails in
the low loss environment while RCM succeeds [44]. As a
5result, the RCM-based model shows much better agree-
ment with the 2nd harmonic field statistics than the com-
bined Rayleigh model. Further, a more versatile “Double
Weibull” model was developed that takes into account
the saturation of the nonlinear element [48, 49]. The fit-
ting parameter in this model is directly related to the
nonlinear exponent (slope in Eq. (2)). Our results show
that the fitting parameter changes dramatically with loss
in the billiard (for a fixed nonlinear transfer function),
and that the values are un-physical. The detailed re-
sults are given in the supplemental material [44]. The
RCM-based model holds in both high loss and low loss
cases, without any fitting parameters, and thus we con-
clude that the RCM-based model is a more accurate and
physically realistic description of the system.
VI. CONCLUSIONS
In summary, by adding an active nonlinear circuit
to the ray-chaotic 1/4-bowtie cavity, and extending the
Random Coupling Model, it is possible to predict the
statistics of harmonics in a nonlinear wave chaotic sys-
tem. The model of nonlinear cascaded cavities Eq. (3),
which incorporates nonlinearity into the Random Cou-
pling Model describes the effects of the active nonlinear
circuit, and is valid both in the low loss and high loss
regimes.
VII. SUPPLEMENTAL MATERIAL
See supplemental material for (I) Results of the ex-
tended RCM model (Eq. (3)) fits to second harmonic
power statistics of input power Pin,1f = 0 dBm and
+5 dBm, respectively. (II) Results of Comparison with
other models (Rayleigh model to linear fields, Combined
Rayleigh and Double Weibull model to second harmonic
fields).
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I. TESTS OF THE RCM-BASED MODEL
Here we show additional data similar to that in Fig. 3 of the main text. Fig. S1(a)
and S1(b) show the results for statistics of second harmonic power for P in,1f = 0 dBm and
P in,1f = +5 dBm respectively. The measured statistics agree with “measured product”
and “simulation” models. To quantify the agreement with the data, at P in,1f = 0 dBm,
the “measured product” has R2 = 0.992, and the “simulation” has R2 = 0.991. For the
P in,1f = +5 dBm data, “measured product”: R
2 = 0.993, “simulation”: R2 = 0.993.
FIG. S1. Measurement of second harmonic power statistics and test of the model of cascaded
cavities. The statistics of the output power of the 2nd harmonics predicted by the model are
compared with direct measurement results (blue). The statistics are compiled over a 2 GHz range
with center frequency 8 GHz. Two input powers are shown: (a) 0 dBm and (b) +5 dBm.The
higher power (∼ +12 dBm) cutoff for +5 dBm curve comes from the saturation of the VNA
(Model E8364C).
II. COMPARISON WITH OTHER MODELS
A. Rayleigh distribution of electric fields
We first focus on the statistics of linear fields in the 1/4-bowtie cavity. Ref. [1] as-
sumes that the distribution of the magnitude of the electric field strength in a reverberation
chamber follows a Rayleigh distribution. To test this model in our 1/4-bowtie cavity, the
experiment has been conducted in various loss cases, ranging from a dry ice environment
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(T ∼ −78◦C) to reach the low loss regime (loss parameter α1 = 0.31 at 1f , α2 = 0.82 at 2f)
to a high loss environment (loss parameter α1 = 2.9, α2 = 4.6 at 2f) by adding microwave
absorber segments along the perimeter of the cavity at room temperature. As loss increased,
both the mean and standard deviation of Pout,2f were seen to decrease.
FIG. S2. Best Rayleigh fit (red) by varying the scale parameter σ to the linear induced voltage in the
load impedance between port 1 and 3. Singular RCM prediction (green) is shown for comparison.
It is generated with known Zavg and loss parameter α1, and by applying Eq. (1) in the main text
with Monte Carlo simulation. (a) low loss case α = 0.37,R2(RCM) = 0.993, R2(Rayleigh) = 0.923;
and (b) high loss case α = 2.50, R2(RCM) = 0.992, R2(Rayleigh) = 0.997. Frequency range 3.5
GHz - 4.5 GHz.
The Rayleigh distribution relies on a scale parameter σ (not shown in the figure). Fig.
S2 shows the best Rayleigh fit (red) to the linear field statistics between port 1 and 3 in
low loss (Fig. S2(a)) case with loss parameter α = 0.37 and high loss case (Fig. S2(b))
with α = 2.50. Here the Rayleigh fit is applied to the induced voltage at the receiving
port since the induced voltage is a linear function of the electric field. To calculate the
induced voltage, the power is converted to voltage by considering a 50 Ω load impedance
at the receiving port. As a comparison, the RCM singular prediction is generated (green).
Without additional fitting parameters, the RCM prediction is generated with known Zavg
and loss parameter α1. Then Eq. (1) of the main text is applied by performing Monte Carlo
RMT simulation. Fig. S2 shows that, as expected [2, 3], the Rayleigh fit deviates from the
experiment in the low loss case and fits well to the high loss case, while the RCM prediction
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agrees well in both cases. In quantifying the agreement, R2 for RCM are both larger than
99%, while R2 = 0.923 in low loss and R2 = 0.997 in high loss for Rayleigh fit.
B. Combined Rayleigh distribution of second harmonic fields
We now consider the statistics of second harmonics in the case shown in Fig. 1 of the
main text. The Combined Rayleigh distribution [1] is based on the assumption that the
linear fields obey a Rayleigh distribution. The nonlinear element is modeled as a reradiating
source for harmonics, and the generated harmonic signal is related to the incident signal
by a power series for weak nonlinearity, i.e. for second harmonic signal, V2f ∝ V 21f . The
received harmonic signal is therefore the result of a cascaded Rayleigh process.
FIG. S3. RCM-based “simulation” prediction (red) and Combined Rayleigh (green) fit to the
second harmonic electric field between port 1 and 2 in: (a) low loss case, α1 = 0.30, α2 = 0.78,
P in,1f = -5 dBm, R
2(simulation) = 0.994, R2(C−Rayleigh) = 0.958; and (b) high loss case, α1 =
2.85, α2 = 4.56, P in,1f = 0 dBm, R
2(simulation) = 0.984, R2(C −Rayleigh) = 0.988. Frequency
range 7 GHz - 9 GHz.
The Combined Rayleigh distribution also has the scale parameter σ to vary (not shown in
the figure). Fig. S3 shows the best Combined Rayleigh fits to the second harmonic induced
voltage. Since the Rayleigh fit fails in the first (linear) process in the low-loss case, the
experimental second harmonic statistics deviate from the combined Rayleigh distribution as
well, while both the Rayleigh and Combined Rayleigh models fit well in the high loss case,
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shown in Fig. S3. The singular RCM based “simulation” is generated for comparison. R2
for this RCM-based simulation are both larger than 98%, while R2 = 0.958 in low loss and
R2 = 0.988 in high loss for Combined Rayleigh fit.
C. Double Weibull distribution of second harmonic fields
Later a more versatile statistical model called the Double Weibull distribution was pro-
posed to fit the mean normalized second harmonic electric field [4]. This model describes
the changing statistical harmonics distribution due to the nonlinearity strength variation,
i.e. the power exponent n (V2f ∝ V n1f ) of the nonlinear source falls below 2 as the input
amplitude V1f increases [5]. The Combined Rayleigh fit is a special case of this model with
n = 2 for weak nonlinearity. The power exponent n becomes the only fitting parameter. In
the high loss case where the Rayleigh fit is valid, the fitting parameter n shows a decrease
from 2.11 to 1.85 as the input power increases from -5 dBm to +10 dBm.
FIG. S4. Double Weibull and RCM based simulation fit to the mean normalized induced 2nd
harmonic voltage statistics between port 1 and 2 in: (a) low loss case, α1 = 0.30, α2 = 0.78, P in,1f
= -5 dBm, R2(simulation) = 0.997, R2(D −Weibull) = 0.997; and (b) high loss case, α1 = 2.85,
α2 = 4.56, P in,1f = 0 dBm, R
2(simulation) = 0.987, R2(D −Weibull) = 0.990. Frequency range
7 GHz - 9 GHz of the 1/4-bowtie cavity.
However, in the low loss case where the Rayleigh fit fails, the 2nd harmonic statistics
still fit well to the Double-Weibull distribution. Fig. S4(a) shows fits to the Double-Weibull
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distribution with R2 = 0.997, while the fitted n is 2.50 in the low loss case. It should be
noted that the nonlinear circuit is the same and has been explicitly characterized to obey
a square law (V2f ∝ V 21f ) in the operating regime of the experiment. A value of n = 2.5
for second harmonic generation is therefore un-physical. Therefore the changing statistical
distribution from the Combined Rayleigh distribution is not only due to changes in the
nonlinearity strength but also loss of the cavity. For second harmonic statistics, stronger
nonlinearity causes n to decrease below 2; whereas low loss causes n to increase beyond 2.
In the high loss case, the fitting parameter of the Double Weibull model approaches 2, with
n = 2.08, as shown in Fig. S4(b). On the other hand the Random Coupling Model based
approach predicts the statistics very well both in the low loss (Fig. S4(a), R2 = 0.997)
and high loss environment (Fig. S4(b), R2 = 0.987), it demonstrates that Eq. (3) of the
main text with the Random Coupling Model provides a simpler and physically reasonable
explanation of the data.
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